. 2 x 2 cognitive model secondary Tx 2 I"'--------~Rx 2 b) both transmitters know all the channels perfectly. Despite its cognitive capability, the assumption a) seems very difficult (if not impossible) to hold, because in practice the secondary transmitter has to decode the message of the primary transmitter in a causal manner by training over a noisy, faded or capacity-limited link. The assumption b) requires both transmitters to perfectly track all channels (possibly by an explicit feedback from two receivers) and thus might be possible only if the underlying fading channel is quasistatic.
The above observation motivates us to design a practical transmission scheme under more realistic assumptions. First, we consider no cooperation between two transmitters. The primary user is ignorant of the secondary user's presence and furthermore the secondary transmitter has no knowledge on the primary transmitter's message. Second, we assume that transmitter I knows perfectly h (11) , while transmitter 2 knows its local channels h(21) and h(22). This assumption is rather reasonable when the channel reciprocity can be exploited for time division duplexing systems. Also, each receiver i is assumed to estimate perfectly its direct channel h (ii). Finally, assuming frequency selective fading channels, we consider OFDM transmission. The last assumption has direct relevance to the current OFDM-based standards such as WiMax, 802.lla/g, LTE and DVB [7] . Under this setting, there is clearly a tradeoff between the achievable rates of the two users. For the cognitive radio application, however, one of the most important goals is to design a transmit scheme of the secondary user that generates zero interference to the primary receiver.
For this purpose, we propose a linear Vandermonde pre-This work was partially supported by Alcatel-Lucent.
We consider a 2 x 2 cognitive radio model where both a primary (licensed) transmitter and a secondary (unlicensed) transmitter wish to communicate with their corresponding receivers simultaneously as illustrated in Fig.l . When both transmitters do not share each other's message, the information theoretic model falls into the Gaussian interference channel [I, 2] whose capacity remains open in the general case. A significant number of recent works have aimed at characterizing the achievable rates of the cognitive radio channel, i.e. the interference channel with some knowledge of the primary's message at the secondary transmitter [3, 4, 5, 6] . These include the pioneering work of [3] , the works of [4] , [5] for the case of weak, strong Gaussian interference, respectively, and finally a recent contribution of [6] with partial knowledge at the secondary transmitter. In all these works, the optimal transmission scheme is based on dirty-paper coding that pre-cancels the known interference to the secondary receiver and helps the primary user's transmission. Unfortunately, this optimal strategy is very complex to implement in practice and moreover based on rather unrealistic assumptions: a) the secondary transmitter has full or partial knowledge of the primary message,
MOTIVATION
We consider a cognitive radio scenario where a primary and a secondary user wish to communicate with their corresponding receivers simultaneously over frequency selective channels. Under realistic assumptions that the primary user is ignorant of the secondary user's presence and that the secondary transmitter has no side information about the primary's message, we propose a Vandermonde precoder that cancels the interference from the secondary user by exploiting the redundancy of the cyclic prefix and the frequency selectivity of the channel. Our numerical examples show that VFDM, with an appropriate design of the input covariance, enables the secondary user to achieve a non-negligible rate while generating zero interference to the primary user. In this section, we propose a linear Vandermonde precoder that satisfies (4) by exploiting the redundancy L of the cyclic prefix or equivalently the degrees of freedom left by the system. Namely, we let V to be a (N + L) x L Vandermonde matrix given by where A is a precoding matrix to append the last L entries of F H 81 and 81 is a symbol vector of size N. For the secondary user, we form the transmit vector by X2 = V 82 where V is a linear precoder and 82 is the symbol vector (whose dimension is to be specified later). Our objective is to design the precoder V that generates zero interference, i.e. satisfies the following orthogonal condition symmetric AWGN r"'.J Nc(O, (Jij/(L + 1)) and moreover the channels are i.i.d. over any i, j. In order to avoid blockinterference, we apply OFOM with N subcarriers with a cyclic prefix of size L. The receive signal for receiver 1 and receiver 2 is given by (2) and llk r"'.J Nc(O, IN) is AWGN. For the primary user, we consider OFT-modulated symbols 2. SYSTEM MODEL coder which exploits the redundancy of the cyclic prefix and name this scheme Vandermonde Frequency Division Multiplexing (VFOM). The precoder benefits from the frequency selectivity of the channel to form a frequency beamformer (similar to the classical spatial beamformer). More precisely, our precoder is given by a Vandermonde matrix [8] with L roots corresponding to the channel h(21) from the seconday user to the primary receiver. The orthogonality between the precoder and the channel enables the secondary user to send L symbols, corresponding to the size of a cyclic prefix, while maintaining zero interference. This is contrasted with the approach of [4] where the zero interference is limited to the case of weak interference. To the best of our knowledge, a Vandermonde precoder to cancel the interference has never been proposed. The use of the Vandermonde filter together with a Lagrange spreading code was proposed to cancel the multiuser interference on the uplink of a COMA system [9] . However, this scheme is conceptually different in that its interference cancelation exploits the orthogonality between the spreading code and the filter. Moreover, it does not depend on the channel realization.
At the price of guaranteeing zero-interference to the primary user, the rate that the secondary user can achieve with VFOM is upperbounded by L / N of the primary user's rate.
In practical OFOM systems such as IEEE802.11a, 1t is at most of the order of i. Moreover, if equal power allocation is used, the multiplexing gain (pre-log factor) of the secondary user can further decrease due to a vanishing degree of freedom of the Vandermonde matrix V. This is because a few columns of V corresponding to the roots of the channel with large amplitude tend to dominate the other columns. The last observation calls for an appropriate design of the input covariance of the secondary user although it requires the side information on the interference plus noise covariance seen by the secondary receiver. We propose a simple waterfilling approach that maximizes the achievable rate of the secondary user. Unfortunately, the computation of the optimal covariance requires the inversion of V H V, which is ill-conditioned. To overcome this numerical problem, we restrict ourselves to a diagonal input covariance and derive a practical waterfilling algorithm. Albeit suboptimal, our proposed covariance optimization enables the secondary user to potentially achieve L / N degrees of the primary user. Numerical results show that VFOM can be a practical strategy for the future cognitive radio that enables to guarantee zero-interference to the primary user while providing a nonnegligible rate to the secondary user.
We consider a 2 x 2 cognitive model in Fig. 1 Since the orthogonality between the precoder and the channel enables two users to transmit simultaneously over the (12) The vanishing degree of freedom becomes even more pronounced for smaller c, i.e. larger number of rows.
Optimal input power allocation In this case, the rate is maximized with a Gaussian signal input 82 of covariance S2. The design of S2 requires perfect knowledge of the interference plus noise covariance S7J at the secondary transmitter. To this end, the secondary receiver needs to estimate S7J during a listening phase and feed it back to its secondary It turns out that as the number of rows N +L of V increases, the degree of freedom of V becomes very sensitive to the amplitude lall of the roots. Although the roots tend to be on a unit circle as N, L --+ 00 while keeping L / N = c for some constant c >° [12] , some roots outside the unit circle increase the conditioning number. In order to illustrate this effect, we compute the degree of freedom of V defined by . log II + t~~~~~yHYI
P-oo og mainly on the input covariance optimization of the secondary user. Since the primary user sees N parallel channels (7), its capacity is maximized by a classical waterfilling algorithm that shall not be repeated here. We start by recalling the received signal at the secondary receiver. Since the secondary receiver performs single-user decoding, it treats the signal from the primary transmitter as noise. By letting 1J denote the noise plus interference seen by the secondary receiver, the received signal (8) Equal power allocation First, we consider the achievable rate of the secondary user with equal power allocation. This corresponds to the case when the transmitter has no side information on STJ. Due to the power constraint (2), the input covariance under equal power allocation is given by
The secondary user's rate is given by 
INPUT COVARIANCE OPTIMIZATION
This section considers the maximization of the achievable rates under the individual power constraints. Our focus is where 82 is a symbol vector of size L with covariance S2. The following remarks are in order: 1) Since the channels h(2l) and h(22) are statistically independent, the probability that h(2l) and h(22) have the same roots is zero. Therefore the secondary user's symbols 82 shall be transmitted reliably; 2) Due to the orthogonality between the channel and the precoder, the zero interference condition (4) always holds irrespectively of the secondary user' input power P2 and its link 0"21. This is in contrast with [4] where the zero interference is satisfied only for the weak interference case, i.e. 0"2lP2 ::; PI and 0"11 = 0"22 = 1; 3) To the best of our knowledge, the use of a Vandermonde matrix at the transmitter for interference cancellation has never been proposed. In [9] , the authors proposed a Vandermonde filter but for a different application.
By substituting (3) and (6) into Yl, we obtain N parallel channels for the primary user given by - (11) (7)
Yl -Hdiag8l + VI (11) . 7) and (8), we remark that VFDM converts the frequencyselective interference channel (1) into one-side vector interference channel (or Z interference channel) where the primary receiver sees interference-free N parallel channels and the secondary receiver sees the interference from the primary transmitter. Notice that even for a scalar Gaussian case the capacity of the one-side Gaussian interference channel is not fully known [10, 11] . In this work, we restrict our receiver to a single user decoding strategy which is clearly suboptimal for the strong interference case 0"12 > all. same frequency band, we name this scheme Vandermonde Frequency Division Multiplexing (VFDM) . Clearly, the secondary user needs to know perfectly the channel h(2l) in order to adapt the precoder. This can be done easily assuming that the reciprocity can be exploited under time-division duplexing systems. The resulting transmit vector of the secondary user is given by maximize subject to where one does not need to invert yHy but derive only the diagonal terms of yHy. The rate of the secondary user achieved by the optimized diagonal covariance input is given by transmitter. Assuming perfect knowledge of 8 17 at the secondary transmitter, the achievable rate of the secondary user is given as a solution of I gil + S-1/2H S HHS-H/21 NON"., 222".,
Although the above problem is convex, the formulation in terms of 8 2 does not lead itself to a simple algorithm due to the term yHy in the constraint (13). Nevertheless, we show that a two-step optimization enables us to obtain an efficient waterfilling algorithm. First let us define a new input covariance 8 2 = (yHy)I/28 2 (yHy)H/2 (14)
By expressing 8 2 = (yHy)-1/282(yHy)-H/2, it follows immediately that the above problem can be cast into a new problem given by
where we let G = 8;;-1/2 H2 (yHy)-1/2 E C NXL denote the overall channel. This new problem can be trivially solved by converting G into r parallel channels where r :::; L denotes the rank of G. We apply singular value decomposition to the effective channel such that G = U gAgP{/ h U ((""lNxN P
are unItary matrIces an A g is diagonal with r singular values {A~~l2}. It is not difficult to see that the solution to (15) is given by a diagonal input covariance 8 2 whose i-th component is the waterfilling solution
where J-L is determined such that the total power constraint is fulfilled.
Unfortunately, the computation of the optimal 8 2 requires the inversion of yHy. Since the conditioning number of Y becomes very large as the dimension of Y increases as discussed previously, the inverse operation is numerically unstable. Albeit suboptimal, we propose a practical covariance design that avoids the inversion of Y H Y by restricting the input covariance to be diagonal, i.e. 8g iag = diag(p~i~g , ... , p~i~g). It is straightforward to see that the optimal' power all'ocation is the waterfilling solution (16) where Ag,i is replaced with Agl,i given by Ai (S;;-1/2 H2 )
where Ai(8~1/2H2) denotes the singular values of8~1/2H2.
Notice that this is equivalent to consider a new channel where r' denotes the rank of 8;;-1/2H2 and J-L is chosen such that Li[yHY]i,ipgi: g = (N + L)P 2 • We remark that the rate achieved by 'these waterfilling algorithms depend on the degree of freedom of the new channels G, G' which is essentially determined by the degree of freedom of y(yHy)-lyH, y(diag(yHy))-lyH respectively. From these expressions, the vanishing degree of freedom of the Vandermonde matrix is expected to be recovered even for a large dimension. Indeed, in the special case defined in section 4, the rate of the channel G with 8 2 = Nt L P 2 I is given by liN of
NUMERICAL EXAMPLES
This section provides some numerical examples to illustrate the performance of VFDM with the proposed power allocation.
Degree of freedom vs. L. In order to examine the relative merit of the proposed waterfilling algorithm, we compare the degree of freedom (multiplexing gain over the whole frequency band) achieved by the equal power allocation, the waterfilling, given respectively by NR eq NR diag lim _ _ 2_ lim __2_. p~oo 10g(P) ' p~oo 10g(P) Fig. 3 shows the averaged degree of freedom when there is no interference from the primary transmitter to the secondary receiver, i.e. al2 = O. Despite its diagonal restriction, the proposed waterfilling is able to exploit fully the degree of freedom offered by the new channel G'. The poor performance with the equal power allocation agrees well with Fig. 2 , which confirms that R~q critically depends on the conditioning number of Y. Secondary Rate vs. SNR. Fig. 4 compares R~q and Rg iag as a function of SNR PI = P 2 . We let all = a22 = 1 and vary al2 = 1.0,0.1,0.01,0.0 for the link h (12) . Inspired by 802.11a [7], we let N = 64, L = 16. We observe a significant gain by our waterfilling approach and this gain becomes even significant as the interference decreases. For a special case of no interference from the primary transmitter al2 = 0, the secondary user nearly achieves L / N of the rate of the primary user. For al2 > 0 it can be shown that the secondary user's rate becomes bounded as P~00 independently of the input covariance. Imposing target rate to primary user. Finally we consider the scenario where the system imposes a target rate Rt to the primary user and the primary transmitter minimizes its power such that Rt is achieved under a total power constraint PI + P 2 ::; P tot . The system sets the transmit power to its maximum PI = P tot if the rate is infeasible. Fig.   5 shows the achievable rates of both users as a function of the target rate Ri in bpslHz for some values of SNR P tot . This example inspired by the IEEE 802.11 a setting [7] show that VFDM with the diagonal waterfilling provides the secondary user a substantial rate of 2.83, 7.60 [Mbps] respectively for the primary target rate of 54,36 [Mbps] over a frequency band of 20MHz, with operating SNR of 10 dB.
These numerical results show that VFDM can be a practical strategy for the future cognitive radio that enables to guarantee zero-interference to the primary user while providing a non-negligible rate to the secondary user.
